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Abstract

A new mixed one-equation subgrid-scale (SGS) model for large-eddy simulation is presented. The scale-similarity part of the
model is used for the description of the local energy transport (Domaradzki et al., 1993, 1994), i.e. the energy transport between
scales very close to the cut-off. The eddy-viscosity part of the model represents the non-local transfer of energy, i.e. the transfer
between all scales smaller than grid-filter size 4 and larger than 4. A priori tests done by Bardina et al. (1980) have shown a high
correlation between the scale-similarity model and the exact SGS stress, 7;;. The magnitude of the scale-similarity part in the mixed
one-equation SGS model is either larger than or equal to that of the eddy-viscosity part. The modeled SGS stress is thus expected to
correlate well with the exact stress, 7;;. In the proposed model, the SGS kinetic energy, kg, is used to obtain the velocity scale for the
eddy-viscosity part of the model. The modeled ks equation is derived and contains some additional scale-similarity parts as
compared with the kg, equation used in the models of Ghosal et al. (1995) or Davidson (1997). It has been shown that the model is
Galilean invariant and realizable. Moreover, the approximately correct near-wall behavior of the model has been proven. The model
was tested for both channel flow and the case of a surface-mounted cube (Martinuzzi and Tropea, 1993). It was found that the model

gives accurate results in both cases. © 2001 Elsevier Science Inc. All rights reserved.
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1. Introduction

The energy transfer between large and small scales is
mainly between the scales closest to the cut-off. The
scale-similarity models (Bardina et al., 1980) are foun-
ded upon this argument. These models use the correla-
tion between the smallest resolved scales and the largest
unresolved scales in large-eddy simulation to model the
main part of the subgrid-scale (SGS) energy. They are
always used together with some dissipative model such
as the Smagorinsky model under the name mixed
models. In early simulations using mixed models (Bar-
dina et al., 1980; Piomelli et al., 1988), the constant in
the Smagorinsky model was prescribed a priori. Zang
et al. (1993) used this model in the dynamic mode in the
simulation of recirculating flows. The SGS model should
be capable of covering a large part of the turbulent ki-
netic energy in an attempt to make LES a practical tool
for complex flows at high Reynolds numbers. A large
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part of the SGS energy is modeled with the scale-simi-
larity part. Still, a significant amount of the SGS en-
ergy in a coarse LES remains to be represented by the
Smagorinsky model, see Sarghini and Piomelli (1999).
The Smagorinsky model assumes the isotropy of the
small scales. Obviously this model is not suitable for
modeling a significant part of the SGS energy resulting
from the scales with evident anisotropic character. It
does not contain any information on the SGS energy.
The SGS velocity scale of the Smagorinsky model, |S| =
(2SUS’U)I/ 2_is strongly affected by the mean flow. On the
other hand, the smallest unresolved scales are assumed
not to be correlated with the large scales (Bardina et al.,
1980). Clearly, a more suitable model containing some
information about the SGS energy is needed for mod-
eling the smallest SGS scales.

In a coarse LES, a substantial fraction of the energy
is in the SGS motion, indicating the need for con-
structing a more accurate model. This can be achieved
by incorporating a history effect through the transport
equation for the SGS kinetic energy. A model of
this kind is the localized dynamic ks equation model
of Ghosal et al. (1995). However, the additional
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Nomenclature

C(x,y,z,t) space and time-dependent coefficient
Chom(f) homogeneous coefficient

C, dissipation coefficient

Ck convection term in K equation

Chys convection term in kg equation

Css damping constant

Dy diffusion term in K equation

Dy, diffusion term in kg equation

H cube height

kesgs subgrid-scale kinetic energy

K subgrid-scale kinetic energy on the test level

k turbulent kinetic energy

k resolved kinetic energy

L; resolved Leonard stress

p pressure

Re, Reynolds number based on the friction ve-
locity

Sij strain rate tensor on the grid level

’E\ii strain-rate tensor on the test level

T; subgrid-scale stress on the test level

u; instantaneous velocity in i direction

U, friction velocity

Xmax, Vmax, Zmax channel length, height and width,

respectively

v Uy /v

Greeks

A4 grid-filter size

A test-filter size

0 half channel height

ek dissipation term in K equation

Ehgs dissipation term in ks equation

Vses subgrid-scale turbulent viscosity

v laminar viscosity

n production term in kg equation (dissipation

term in k equation)

Iy,  eddy-viscosity part of the SGS dissipation of
the resolved kinetic energy

I scale-similarity part of the SGS dissipation of
the resolved kinetic energy

Iy production term in K equation

Superscripts
EV eddy-viscosity
M modeled

n time step n

SS scale-similarity
Subscripts

c consistent

computational cost involved in solving equations for the
dynamic coefficients (Fredholm’s integral equation of
the second kind) is not justified by more accurate results.
Computationally less consuming dynamic procedures
are obviously needed to obtain the coefficients in the
transport equation for k.

This paper presents a mixed dynamic model in which
the SGS kinetic energy model is used as a dissipative
part in the model. The dynamic models based on the kg
proved to give an accurate representation of the unre-
solved scales in a course LES (Krajnovi¢ and Davidson,
2001; Krajnovi¢ and Davidson, 1999; Sohankar et al.,
2000a,b). They are more robust than the Germano
model, (Sohankar et al., 2000a,b) and allow transfer
of turbulent energy from small to large scales (back-
scatter). Furthermore, the velocity scale, kslg/s2 , in the
mixed models contains some information on the small
scales, and the solution of the transport equations for
ksgs contributes a history effect in the model.

2. Formulation of the proposed model

This section presents a new mixed one-equation SGS
model and derives the dynamic procedures for the model
coefficients. We then summarize the model as it is im-
plemented in the code.

We first give some notations needed for the formu-
lation of the model. The mixed models for the SGS
stresses consist of one scale-similarity part and one eddy-
viscosity part of the SGS stress tensor, t;; = wu; — ;ii;.
Here, an overbar denotes a grid filter with a filter width
A. If we denote our modeled SGS stress by r})’l its scale-
similarity part by > and the eddy-viscosity part by 7",
then
r}\;[ = T?is + rgv. (1)
The scale-similarity and the eddy-viscosity stresses are
defined as
SS
i

15 = —2C(x, p,2,t) AkYZS;; + 20, ks, (2)

ij sgs ML

KUl

T = 17!,'17{]' — ,-t_tj,

where C(x,y,z,t) is a space and time-dependent coeffi-
cient. S; is the strain rate tensor on the grid level. In-
stead of using the velocity scale |S|, which is common
practice in the dynamic models, we use kl/? as the ve-
locity scale. Through £/, information from the small
scales is included in the SGS model. The SGS kinetic
energy, ks, is defined as kg = (1/2)7EY. The coefficient,
C(x,y,z,t), is computed using a dynamic procedure and,
for that, we must define some quantities on the test level.
If we introduce ~ as a test-filter with a filter width of
A = 24 the SGS stress on the test level can be written as

[quu— N . .
Ty ="wut; = u; "u; . Similar to z3° and 7Y, T3% and
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T”EV are introduced as the scale-similarity and the eddy-
viscosity parts of the modeled SGS stress on the test
level, T}/\’[, ie.

M _ 7SS EV
I =T+ T ®
73 and TV are modeled as

SS —_— /e
Tij = uu; — u; u;,

— =

T;’EV = —ZC(X,y,Z, t)AKl/z S ij —i%(sinv (4)

V=N
where the strain-rate tensor on the test level, S i is
defined as

== ! . 5
Y 2 @x, + @x,- ( )

The SGS kinetic energy on test level, K, is defined as
K = (1/2)T;". The eddy-viscosity part, II;, and the
scale-similarity part, IT5, of the SGS dissipation of the
resolved kinetic energy are defined as

_ EVgQ SS SSC
I, = T Sy, 1I” = T Sij (6)

The SGS kinetic energy, kg, is obtained from the

modeled transport equation (for the derivation of the
ksgs €quation, see Appendix A),

aksgs 0 _
o +&j(u_,«ksgs)
0 Okggs ksg/f s
Hksg*+©_%{(vsgs+v) ax; }C a1
o’ 1.SS 0 (1 ss 0 [ ss
1158) — — (1658) — — {185, ¢ 7
vaxjaxj (2T11 ) at (21’-11 ) ax/ {27’-11 uj} ( )

A homogeneous coeflicient, Cpon (), is used in the defi-
nition of the SGS turbulent viscosity, Vs, as

Vegs = Chom () AK}/? (8)

sgs
in Eq. (7) and in the momentum equations. The reason
why a homogeneous coefficient is used is that the local
coefficient C(x,y,z,¢) yields a highly oscillating eddy
viscosity field including a significant partition with
negative values, which is destabilizing in numerical sim-
ulations. Cpom(2) is computed with the requirement that
the SGS dissipation of the resolved kinetic energy in the
whole computational domain remains the same as with
the local coefficient C(x, y,z,?), i.e.
(200,20 ALS,S5) = 2Chom (O AKLSSy)

Xyz xyz

)
where (-), _ denotes space averaging over the entire do-
main.
We now use the Germano identity, i.e.

Lyj=T;— 1y, (10)

where the resolved stress, L;;, is

By substituting modeled stresses from Egs. (1)-(4) into
Eq. (10) we have

L; — Hy; =2C(x,y,z,t)M;, (12)
where
—— —~r/
H,-,-z( wi; — b 1 ) (13)
T2 it
My =4 kgSy —4k'?°S . (14)

The square error, E E; = (L; — Hy —2C(x,,z, t)M,-j)z,
is minimized (Lilly, 1992) to obtain

(L — Hy)M,

C(xayazat): IM::M::
yey

(15)
Taking the trace of the Germano identity in Eq. (10) and
using the definitions of the SGS kinetic energy on the
grid filter level, &y, and on the test filter level, K, we can
compute the test level kinetic energy as

K = ko + YLy — Hy). (16)

In RANS, Rodi (1976) proposed that the convective and
diffusive transport of u; are proportional to that of k
with the proportionality coefficient #;z;/k. Here we use a
similar assumption when computing the dissipation co-
efficient, C,, in Eq. (7). We assume that the convective
and diffusive transport of ks are proportional to that of
K with the proportionality coefficient ks /K. Since

CK +DK :HK+HIS<S — &k,

A N - Tgsst_
Cksgs + Dksgs = Hksgs + H - Sksgs’

with the convection terms Cx and Cy,, and the diffusion
terms Dg and Dy, we obtain (note that the scale-simi-
larity terms have been absorbed in the convection and
diffusion terms)

k. —~ ———
%(HK + I — &) = I + 1155 —¢y, (17)
where
EV o o ss o
Mg =-T;" 8 Mg =-T;" §
K3/2 J3/2
&k = CST, Chggs — C, js . (18)
This gives
k%/z ~
K —~ — n " Sgs A
ntl _ ss Ss C,
= | g + 1Ty e Iy, + 11 — A X2
(19)

where C"™! denotes the dissipation coefficient for time
step n+ 1. Since the viscous dissipation must be non-
negative by definition, C; is constrained as C, = 0.
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The new mixed one-equation SGS model can be
summarized as follows:

1. The modeled transport equation (Eq. (7)) for the sub-
grid kinetic energy kg is solved.

2. The eddy-viscosity and the scale-similarity parts of
the SGS dissipation of the resolved kinetic energy in
Eq. (6) are computed. When computing the eddy-vis-
cosity part of the SGS dissipation of the resolved ki-
netic energy, the local dynamic coefficient (Eq. (15)) is
used in the expression for the eddy-viscosity stress in
Eq. (2).

3. The local dynamic dissipation coefficient is computed
from Eq. (19).

4. The eddy-viscosity part of the subgrid stresses in the
momentum equation is computed using a homoge-
neous coefficient, Chom (). Chom(?) is also used in the
diffusion term in the modeled kg equation.

5. The nodes adjacent to the wall are located in the vis-
cous sublayer and thus the boundary condition for
the subgrid kinetic energy is ks = 0 at all walls.

2.1. Numerical method

An implicit finite-volume method is used for solving
the incompressible Navier—Stokes equations on non-
staggered grids (Davidson, 2001; Emvin, 1997). Both
convective and viscous plus subgrid fluxes are approxi-
mated by central differences of second-order accuracy. A
Crank—Nicolson second-order scheme was used for time
integration. Although no explicit dissipation is added to
prevent odd-even decoupling, an implicit dissipation is
present. This is done by adding the difference between
the pressure gradient at the face and the node. It can be
shown that this term is proportional to the third deriv-
ative of pressure, i.e. 0°p/0x}. This term corresponds to
Rhie-Chow dissipation (Rhie and Chow, 1983). Details
about this code are given in Davidson (2001).

This work uses the top-hat filter. The grid filtering is
applied implicitly through the discretization. The ex-
plicit filtering at the test level is done numerically by
integrating over the test cell assuming linear variation of
the variables (Zang et al., 1993), i.e. (see Fig. 1)

~~ 1/~
U k= s 12126172

+Uri1p20-12k-172 F Ur-1/20+1/2K-1/2

+ U par2k-12 F U 20126412

F Ui pg-12k412 T U-120412K+1)2

+Uri12041/2K41)2)- (20)
The source terms in the numerical solution of Eq. (7) are
discretized as S = Sykges + S, With S, = min(b)/ky and

S, = max(b). Here, b is the scale-similarity terms and
the eddy-viscosity production and dissipation terms in

Eq. (7).

T Oy
ILJ+1,K
I-1,JK 0 0 o I+1,LK
| I,J K |
: ,,,,,,,,,,,, 0, ,,,,,,,,,,,,, :
y[ I,J-1,K
z T

Fig. 1. Grid filtering volume (solid line) and test filtering volume
(dashed line).

3. Results

The mixed one-equation model was first applied to
the simple case of the flow in a plane channel. Despite its
simplicity, this flow is sensitive to the choice of model
and can expose problems in a model. It is a standard test
case for new models and, at a relatively low Reynolds
number (Re, = 395), an accurate prediction of this flow
is probably a minimum requirement for a model.

Although the model may work for the channel flow
simulation, our main object was to evaluate the model in
a fully inhomogeneous recirculation flow. The model
was thus applied to the flow around a surface-mounted
cube. This flow is fully inhomogeneous with multiple
recirculations.

3.1. Channel flow

We simulated the flow in a plane channel with Re, =
395. The computational domain is xiax = 279, Yiax = 20
and zy.x = 70 (0 being the half channel height) and the
mesh is 64 x 64 x 64 cells. Periodic boundary conditions
were used in the stream-wise and span-wise directions.
No-slip conditions were used at the solid walls. The
homogeneous Neumann condition was used for the
pressure at the walls. The grid was stretched in the wall-
normal direction and thus the implicit filter was also
non-uniform. It is well known that for the non-uniform
filters a filtering operation and the spatial differentiation
do not commute, see Ghosal and Moin (1995). It is
practice in LES of channel flows to filter only in the
stream-wise and the span-wise directions, thus avoiding
difficulties with the commutation error. In more com-
plex geometries, the grids are non-uniform in all direc-
tions and filtering is performed in all directions. To test
the model under the same conditions in both the channel
flow and the cube simulations, we also filtered in the
wall-normal direction in the channel flow LES. Such a



S. Krajnovié, L. Davidson | Int. J. Heat and Fluid Flow 23 (2002) 413-425 417

20r

Fig. 2. Channel flow with Re; = 395. Css = 0.2. Comparison of mixed one-equation model (solid line) and DNS data (symbols).

simulation gives a more fair picture of the model per-
formance in complex geometries.

The mean velocity and the RMS fluctuations are
compared with DNS data of Kim et al. (1987). We
find good agreement between our LES and the DNS in
Fig. 2.

3.2. Flow around a surface-mounted cube

In this section we present LES of the flow around a
surface-mounted cube placed on a channel wall at
Re = 40000, based on the incoming mean bulk velocity
and the cube height. The flow is complex and has mas-
sive separations (Krajnovi¢ and Davidson, 2001). The
geometry of the computational domain is given in Fig.
3. A domain with an upstream length of x; /H = 3 and a
downstream length of x,/H = 6 was used for the simu-
lation, while the span-wise width was set to b/H = 7 (see
Fig. 3). The experimental profile (constant in time) was
used at the inlet in this work. The lateral boundaries
were treated as slip surfaces using the symmetry con-
ditions 0u/0z = 0v/0z=w=0. At the downstream
boundary, the convective boundary condition Ou;/0¢ +
U, (0u;/0x) = 0 was used. Here, U, was set equal to the
mean bulk velocity, U,. No-slip conditions were used at
the solid walls. The homogeneous Neumann condition
was used for the pressure at all boundaries. A compu-
tational mesh of 82 x 50 x 66 nodes was used. Near the
walls of the channel, y!. = 3.7, while y. = 5.2 on the
top of the cube. Such a coarse resolution implies that a
significant fraction of the turbulent energy is modeled.
Thus the model has a large influence on the resulting
statistics.

A series of time-averaged velocities and turbulent
stresses are compared with the experiments of Martin-
uzzi and Tropea (1993) (see Figs. 4-6). The separation
region at the top of the cube is in good agreement with
the experiments (see Fig. 4). There is some difference
between experimental and LES velocity profiles at po-
sitions x/H = 0.75, x/H = 1.08 and x/H = 2.0, but the
results are still fairly accurate. The difference becomes

z
. [
inflow ! lateral boundary . Ojow
17—
" i H i To !
‘ WY upper sur face ‘
- "
(i
T ; ”””” T
}Ql lower sur face

Fig. 3. Surface-mounted cube. Geometry of the computational do-
main.

insignificant as we move further downstream. The re-
solved Reynolds stresses shown in Figs. 5 and 6 are in
somewhat poorer agreement with the experiments than
are the velocities, but the results are still fairly accurate.
The time history of the homogeneous dynamic coeffi-
cient, Cpom, 1s shown in Fig. 7. The time-averaged mean
value is approximately 2.5 times lower than in the eddy-
viscosity one-equation model of Davidson (1997), see
Krajnovi¢ and Davidson (1999).

4. Mathematical consistency and computational cost

The importance of expressing the SGS stress tensor
on test level, Tj;, entirely in the test-level velocity, U,
was addressed in Vreman et al. (1994a). According to
these authors, the modeled 7j; should, in order to be
mathematically consistent, be expressed entirely in "7 .
Here, we have replaced the model in Eq. (4) by the ex-
pression



418 S. Krajnovié, L. Davidson | Int. J. Heat and Fluid Flow 23 (2002) 413—425
o5 0.5 1 15 s 0 05 1 15 o5 0 0.5 1 15
(@)e/Us (w)e/Us (a)e /Uy

Fig. 4. Surface-mounted cube. Comparison of mixed one-equation model (solid line) and experiments (symbols).

2r= 2 2

15 15 15
Uy F + N i Tt
— e 1
H .
05 05 0.5 T 075 0.5 E T 108
% 0.1 0.2 0.3 % 005 01 015 02 025 0 005 01 015 02 025
25+
15]"
* x T
Lo ==4.0 — =6.0
- H H
P
0.5
% 005 01 o015 02 025 0 005 01 015 02 025 005 01 015 02 025
12 2 2 2 12 2
W)/ Uy (u')e/Uy (u')e/Uy
Fig. 5. Surface-mounted cube. Resolved stresses. Comparison of mixed one-equation model (solid line) and experiments (symbols).
— — instead of Eq. (13). Subscript ‘¢’ in Egs. (21) and (22)
less = w u — Uy u; (21) denotes consistency. In the simulations we find that H;

proposed by Vreman et al. (1994a) and obtained

I~

Hy = "w u; —

—
U;

Uj

g =
*( u,—uj — U

—

;)

(22)

obtained from Eq. (13) is larger than H;;,. This gives a
larger magnitude of C when Eq. (22) is used. The same
observation was also made by Vreman et al. (1994a).
They noted that #; contains more small-scale structures
than "% and therefore H; is larger than H,. We
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Fig. 6. Surface-mounted cube. Resolved stresses. Comparison of mixed one-equation model (solid line) and experiments (symbols).

200 300 400

Time

100 500

Fig. 7. Surface-mounted cube. Time history of the dynamic coefficient
Chom-

compared the models in Egs. (13) and (22) and found
very little difference in the results for the two test cases
presented in this paper. The mathematically consistent
model increased the computational cost by some 5%
owing to the extra filtering. This suggests the use of the
basic model from Eq. (4). However, a more important
reason to use Eq. (13) rather than Eq. (22) is that the
implementation of Eq. (13) is much less complicated.
The computational cost is of course dependent on the
implementation (programming and parallelization) and
on the machine used in the simulation. This work used
SGI R10000 CPUs. The solution of the kg equation
and the dynamic procedure increases the computational
cost by some 18% in the case of the surface-mounted
cube as compared to when the Smagorinsky model is

used. Carati et al. (1995) reported that the one-equation
model of Ghosal et al. (1995) required 67% more CPU
time than the standard Smagorinsky model.

5. Proper dissipation

The problem of insufficient model dissipation when
using the dynamic mixed models is little discussed in the
literature. This problem occurs because the eddy-vis-
cosity part of the model becomes too small and does not
produce enough dissipation. This is especially the case
when an energy conservative scheme such as the central
differencing scheme is used for the discretization.

Zang et al. (1993) implemented a dynamic mixed
model which was applied to the simulations of recircu-
lating flows. In addition to the SGS dissipation from the
eddy-viscosity part of the model, some numerical dissi-
pation is present owing to the use of some upwinding in
the convection terms in their code (Sarghini and Pio-
melli, 1999; Meneveau and Katz, 2000). This upwinding
reduces both the numerical and the physical oscillations.

Ribault et al. (1999) introduced a damping on the
similarity part of the model in large-eddy simulation of a
plane jet using the dynamic mixed model (Zang et al.,
1993; Vreman et al., 1994a). Damping the similarity part
of the model increases the relative importance of the
dissipative part, 7;.", thereby stabilizing the computa-
tion. We introduced this damping through the damping
coefficient, Csg, in the expression for the subgrid stress
model on the grid level,
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5(ID),.,

0 100 200 - 300
ot
(a) Y

0 100 200 300

Fig. 8. Channel flow with Re, = 395. (a) Dissipation: 6(IT%%) _, (solid line); 6(IT=V) _, (dashed-dotted line); (b) dissipation: 6(IT") _, (solid line);
S(I15S™) _, (dashed line); 5(IT%V") _, (dashed-dotted line); §(IT1°V") _, (thin solid line).

¥ = Cs (@, — i) (23)
(Liu et al., 1994), and on the test level,

— -
15 = CosCuy =" ), (24)

in the momentum equations. Here, we have assumed the
scale invariance and used the same coefficient (Css) at
the grid-filtered level and the test-filtered level. This
coefficient should have a magnitude between 0 and 1.
Css = 0.2 was used for the channel flow simulation,
giving some improvement in the results. The results of
the cube simulation were almost unchanged when
damping was introduced. The scale-similarity stress in
Eq. (2) is Galilean invariant, see Germano (1986), and
thus Csg can be chosen arbitrarily between 0 and 1.

6. Turbulent energy transport

It was found in Domaradzki et al. (1993, 1994) that
the SGS energy transfer is a local phenomenon caused
by the interaction of the scales immediately above the
cut-off with those immediately below it. We expect the
scale-similarity part of the SGS stresses to give a correct
representation of this interaction. The non-local transfer
of energy is represented by the eddy-viscosity part of the
model.

The transfer of the turbulent energy takes place
through the dissipation term, IT = —1,;(0%;/0x;), in the
equation for the resolved kinetic energy

al}+ 0 (@) = 10 (@p) + 0 v@l}

ot Ox, k) = p Ox; “p ox; \ Ox;
0 (@) v@ﬁ,- on;
axj' ulr,] axj @x,

The term II = I, + I1% appears in the equation for

ksgs (Eq. (7)) as a production term. Sarghini and Piomelli
(1999) found that the similarity term contributes to

1. (25)

about half of the SGS dissipation IT in channel flow
simulations. The mixed one-equation model gives the
same results except at y* & 15, where the scale-similar
part of (IT) , is some 20% larger than the eddy-viscosity
part (see Fig. 8(a)).

The SGS dissipation IT is positive in the mean (see
Fig. 8(a)) although there is local backscatter, i.e. transfer
of the turbulent energy from small to resolved scales (see
Fig. 8(b)). The backward and the forward scatter com-
ponents of II, respectively denoted II- and II', are
computed as

1 =41 - |)), (26)

" = 3(11 + |)). (27)

In a study of the reverse flow of energy, Krajnovi¢ and
Davidson (1999, 2001) computed the SGS dissipation of
the resolved kinetic energy, Il = —1;S;, in the one-
equation models of Davidson (1997) and Menon and
Kim (1996). It was found that the strongest backscatter
occurs near the front corners of the cube. It was also
found in simulations by Sohankar et al. (2000a,b) of the
flow around a square cylinder that strong backscatter
occurs near the front corners.

In the present paper, we studied both the eddy-vis-
cosity, I, = —T}EjVS’,--, and the scale-similarity part of
the SGS dissipation of the resolved kinetic energy,
% = -8, in Eq. (7). Also here we found the
strongest backscatter near the front corners. We find
that the scale-similarity forward scatter is larger than the
eddy-viscosity one. The eddy-viscosity backward scatter
is slightly larger than the scale-similarity backward
scatter (see Fig. 9).

7. Properties of the model

The modeled SGS stresses must satisfy the same
properties as the exact ones. These properties are dis-
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Fig. 9. Surface-mounted cube. Dissipation: (IT%"), (solid line); (IT>"), (dashed line); (IT°V"), (dashed-dotted line); (IT*V"), (thin solid line).

cussed in Fureby and Tabor (1997) and Ghosal (1999).
It is trivial to supply mathematical proof for some of the
properties and very difficult for others (e.g. the realiz-
ability of one-equation models). This section discusses
the most important properties of the mixed one-equa-
tion model.

7.1. Galilean invariance

According to Speziale (1985), the basic physics of the
turbulence requires that the description of turbulence is
the same in all inertial frames of reference. This re-
quirement is satisfied if the SGS stress model is invariant
under the Galilean transformation. 3° in Eq. (2) is de-
fined using the redefinition of the turbulent stresses ac-
cording to Germano (1986) and thus is Galilean
invariant. The diffusion term,

0

Oksgs
a_xj{(vsgs + V) axj }a

in the equation for the SGS kinetic energy (Eq. (7)) is
Galilean invariant. The sum of the transient and con-
vective term,

0 SS

0 _
a (Tii ) T (Tisisu.i)a

Ox;
is Galilean invariant, making the entire equation Gali-
lean invariant. The Galilean invariance of the resolved
itrﬁesses, L;;, and the quantities on the test level, K and
S ;» follows from Egs. (11), (16) and (5). Using these
results in Eq. (15), it can be shown that the dynamic
coefficient, C, is Galilean invariant. The invariance of
the model now follows from Egs. (2) and (1).

7.2. Realizability

If the model violates the realizability condition, it
may give unphysical solutions. These conditions have
earlier been described for the SGS stress tensor by

Vreman et al. (1994b) and Ghosal (1999). The realiz-
ability conditions are given by the following two in-
equalities:

(1) Ti = 0 (28)

with no summation on 1.

Vi) (29)

with no summation on i and j. Here we present the re-
alizability conditions for the mixed one-equation SGS
model.

The first realizability condition is fulfilled if

(ii) oyl < (rary) '

rg/[ = ‘c;.sis + Tgv >0 (30)
1.e.
— A= TSS+ng S <C< /= TSS+2ks s /-
2Akslg/52S33( 33 T3 g) 2Ak§,§3Sn( 1173 g)
(31)

Here we assume that
5733 = m_in(S'i,-) <0, S]] = max(S’,,) > 0.
The second realizability condition is fulfilled if

ss EV Ss EVy/_SS evy 12
|Tij + T < {(Tii + 1y )(T// +71; )} (32)
ie.

2 1/2 > 1/2

S 2D BPCD e N Ut} (33)
200 200 ST 2y 200
with
%= 4%y (S = 5iS3 ). (34)

B = 20K (455 + 58 — 25558 ) + 44K (S + )
(35)
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P =Tt — kg (‘E,-S,-S + TZS) — Sk + (Tl_sjs)zl (36)
The bounds on C following from Eqgs. (31) and (33) ensure
that ks > 0. It was found for both test cases studied in
this paper that at least 99% of the grid points satisfy
both realizability conditions in Egs. (31) and (33) at
every time step during the entire simulation. The cor-
responding number of points in the model by Ghosal
et al. (1995) was 95% for the first realizability condition,
when they simulated for the experiment of decaying iso-
tropic turbulence of Comte-Bellot and Corrsin (1971).

A positive filter function like the top-hat filter and the
Gaussian filter is a necessary requirement for realiz-
ability (Vreman et al., 1994b). As already mentioned, we
used the top-hat filter. It was found in Vreman et al.
(1994b) that ks was negative in many regions of the
flow when a spectral cut-off filter, which is non-positive,
was used. Moreover, the correlation between Tl_sjs and t;;
decreases to almost zero when a spectral cut-off filter is
used, see Liu et al. (1994). For these reasons, positive
filters should be used together with the mixed one-
equation model.

7.3. Near-wall behavior

The exact SGS stresses behave close to the wall such
that: 7j; ~ )%, 10 ~ 4, 133 ~ 2, T2 ~ )%, 113 ~ )% and
723 ~ 3. Near the wall

Thus the scale-similarity part of the SGS stresses in Eq.
(2) displays the correct behavior near the wall. In the
computation of the eddy-viscosity part in Eq. (2), the
homogeneous coefficient Cyom (f) ~ »° is used. Obviously
the SGS viscosity exhibits behavior different from j?
close to the wall. This is less important because the
magnitude of the scale-similarity part of the stresses
is large close to the wall. For Css = 0.2 used in Eq. (23),
some 50% of the total SGS stress is carried by the
scale-similarity part of the model. This means that the
modeled SGS stress r}‘;' has approximately the correct
behavior near the wall.

_ _ 2
uy~y, u~y,

7.4. Dynamic coefficients

As already mentioned, a homogeneous coefficient
Chom(?) is used in the diffusion term of the ks equation
and in the momentum equations for stability reasons.
Here we consider the influence of the increase of the
computational domain on the Chom(#). From Eq. (9)
follows

(20,2, AKLS,Sy )

sgs

Chom(t) = R e . (38>
2<Ak§g3S,¢,-S,-j>

xyz

There are three main cases:

1. An increase of the domain in the laminar far-field
flow will not influence the homogeneous coefficient
Chom () in Eq. (38) because ks = 0 in the laminar
part of the domain.

2. A change of the volume of homogeneous flow, e.g. a
channel flow with periodic boundary conditions,
from e.g. 7 to V> will only lead to multiplication on
the numerator and the denominator in Eq. (38) with
V2/V1 and thus not change the value of Chom(?).

3. In case of inhomogeneous flow, e.g. flow around a
surface-mounted cube, the homogeneous coefficient
Chom(#) in Eq. (38) is weakly dependent on the size
of the computational domain.

The dissipation coefficient, C, is constrained as C, > 0. It
was found that in the case of a channel flow negative C,
occurred in some 40% of the nodes. These nodes were
concentrated around the symmetry line of the channel,
i.e. in the low turbulent part, which does not have any
large impact on the results.

8. Conclusions

A new mixed one-equation SGS model is presented.
This model is constructed following the observation that
the transfer of turbulent energy is a local process
that occurs between the scales closest to the cut-off.
The history effects are built into the model through the
transport equation for the SGS kinetic energy. The dy-
namic procedure in the new model is computationally
much cheaper than the one used in the model of Ghosal
et al. (19995).

Accurate results are obtained in the simulation of the
channel flow with Re, = 395 and the flow around a
surface-mounted cube with the bulk velocity Reynolds
number Re = 40000. Both mathematically consistent
and inconsistent models for TSS were tested. It was
found that they give very similar results. The former
gives slightly better results with an increase in the
computational cost of some 5% in the case of a surface-
mounted cube. The scale-similarity part of the SGS
stresses on both the grid and the test levels is larger than
the eddy-viscosity part. This reduces the significance of
the incorrect assumption that the SGS stress is aligned
with the resolved strain rate in the eddy-viscosity part of
the model.
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Appendix A. Derivation of the k, equation for the mixed
one-equation model

Let us consider Navier—Stokes equations (Eq. (A.1))
and the filtered Navier—Stokes equations (Eq. (A.2))

au, 0 1o 0%u;

) = A.l
o T () = = 2 Y oxox, (A1)
aili 0 _ 1 @ﬁ 621},' a'L'l'j
— 4+ —(uu;) = —— — — A2
o ox; (st p Ox; v@x,axj ox;’ (A.2)
where the SGS stress tensor,
Ty = Uy — Wi, (A.3)
is modeled as
‘L'?J/_[ = ‘L'l_sjs + ‘L'll.zjv. (A4)

Here, the scale-similarity part of the SGS stress tensor is
modeled as

T = Wy — il (A.5)
and the eddy-viscosity part is modeled as
TV = —2C(x,y,2,0) KIS, + 20,k (A.6)

Now we subtract the product of #; and Eq. (A.2) from
the filtered product of u; and Eq. (A.1) to obtain:

Ou; _ Ou; 0 0
u,-_u —Ui— +u— 3 (u u,) Ui — 3 (u,u,)
N————

ot ot X; X;
Term 1 Term 2
1" _op &u, o ot
P (ui ox; “ @_xl> " Ox;0x; - Ox;0x; o ox; |
Term 3 Term 4 Term 5
(A7)
Al Term I

We define the SGS kinetic energy as

ksgs = 35V (A.8)
and obtain
au,- _ @ﬁl 0 1 _
“o M at{ (i —“f”f>}
{2 } ={Eq. (A.8)}

_ 6 1SS aksgs

— () + 22 (A9)
A.2. Term 2

Assuming that the resolved and the total kinetic en-
ergy are

k

(S]]

ui;, k

8=

uu;, (A. 10)

we can model the total kinetic energy as

k =k + ke +175°, (A.11)
RN
Uj— ax, (u,u ) ”"a_x, (wu;)
10 0
=5 a—xj{u,u U — wii; = 6_xj Yy — ki }
= ij Sz — (k — hggs — éfis)uj}. (A.12)
A.3. Term 3
1{ o _0p 1 0o
_ = up — i A.13
( axl 6x,> pa (p up) ( )
A4 Term 4
azu,- = @2171

Vu; — VUi —(——
I@xj@xj laxjaxj

_ 0, 0uN |2, % _ o o
- 0x; o ax; 0x; “ 0x; Ox; Ox;
B L 7 T U OF )
a 2 Ox,0x; it Ox; Ox; 2 0x;0x; Uit Ox; Ox;

6 ksgs + 62 1 SS 6”[ 614[ 61‘1, 617{,
Ox;0x;  Ox;0x; 2 G Ox; Ox; Ox; Ox; ’

au,- 614,-

ax; Ay,

(A.14)
A.5. Term 5

oM 0 Ou;
0 — = (g™ - M Al
Ui axj axj (ulrl‘/ ) Tl'/ ax, ( 5)

Substitution of Egs. (A.9), (A.12)—(A.15) into Eq. (A.7)
gives

s O

7‘kss

al +axj(u.l g)
ou; 0 (1 1 1

— M L — kil 4 - — -0 — ut™

= —T; ax, ax,{ UL, kuj—l—pujp pujp ulru}
6 ksgs aui 6u,- aﬂl 617,

+v SR ] [t

0x;0x; Ox; Ox; Ox; Ox;

O sy O s 0 [y ss.
+ {vaxjaxj (E‘Eii ) T (E‘Eii )} - & {27:” ”/}
(A.16)
Now we model the SGS diffusion terms in Eq. (A.16)
0

S N S
D= ax ulu Uy — ku/ + ;u/p - ;ujp - ui‘cli/'

J
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as

0 ok,
D=_— ssﬂ .
Ox; {v‘g‘ 0x; }

Although the diffusion term,

o e}

is computable, it is included in the model

d ks
p-aimr)

since it is not Galilean invariant.
The dissipation in Eq. (A.16)

¢ — aui aul’ aﬁ, @Bl
e axj axj axj axj

(A.17)

(A.18)

(A.19)

(A.20)

can be modeled as

3/2

Sksgs = C} Sjs . (A21)

We model the production term in Eq. (A.16), i.e. the
SGS dissipation of the resolved kinetic energy,

Ou;
=z a::" (A.22)
J
as
o o
=115 4 1T, =~ 2 — 5V 2 (A.23)

i @xj i 6xj'

From this, we obtain the modeled kg equation for the
mixed one-equation model:

o ok
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